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We propose cyclic quantum walks using a trapped-ion quantum tunnelling rotor. By flipping
the spin state of one of N ions in the quantum tunnelling rotor system, the continuous-time cyclic
quantum walks can be realized. The quantum tunnelling rotor in a harmonic potential is a quantum
superpostion of different Wigner crystal orientations. Using this feature, we show that it is possible
to implement the 2N-site cyclic quantum walks using the quantum tunnelling rotor in a harmonic
potential. Another scheme for the cyclic quantum walks with odd-numbered sites has been also
explored. We find that the odd-numbered N ions strongly confined in a ring-shaped potential can
be used to realize the N-site cyclic quantum walks. This study offers experimental realization
schemes of the continuous-time cyclic quantum walks.
INTRODUCTION
Quantum walks have been extensively studied partic-
ularly in quantum search algorithms [1, 2] and quantum
computation [3, 4]. Using a variety of quantum sys-
tems, especially, one-dimensional (1D) quantum walks
have been realized [5–8]. One of the types of the 1D quan-
tum walks is the cyclic quantum walks [9–15], which are
1D quantum walks forming a loop. It has been suggested
that the cyclic quantum walks with a small amount of de-
coherence can be effective in terms of the development of
the quantum algorithms [10]. It is also helpful to investi-
gate the complicated dynamics, such as energy flow in the
periodic boundary fields. However, it is a great challenge
to physically implement the cyclic quantum walks. Only
a few quantum systems can realize the cyclic quantum
walks [11, 15].
Two-dimensional (2D) ion crystal has been extensively
studied theoretically and experimentally [16–21]. One of
the applications of the 2D ion crystals is a quantum tun-
nelling rotor (QTR) [22]. Researchers have recently re-
alized the quantum rigid rotor system, which is referred
to as the quantum tunnelling rotor system [22]. Due to
the existence of micromotion, it is not straightforward
to cool the collective modes of the 2D ion crystals to
the ground state. However, the ground state cooling of
the rotational mode, which is one of the collective modes
of the 2D ion crystal, has been demonstrated [22]. The
unique property of the QTR is that the rotational mo-
tion of the QTR is driven by the quantum tunnelling ef-
fect. In the previous study, quantum-tunnelling-induced
transition between two stable orientations of the Wigner
crystal was observed [22].
The QTR is a promising quantum system to real-
ize the continuous-time cyclic walks. The continuous-
time quanutm walks requires a quantum system where a
quantum propagates into the neighboring sites via quan-
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tum tunnelling effect. Here we propose two experimen-
tal implementation schemes of the continuous-time cyclic
quantum walks using the trapped-ion QTR. By com-
bining the spin degrees of freedom of the trapped ions
with the quantum tunnelling property of the QTR, the
continuous-time cyclic quantum walks can be realized.
We first present the scheme of the 2N-site cyclic quan-
tum walks using an N-ion QTR in a harmonic poten-
tial. This scheme, however, can only implement the even-
numbered-site cyclic quantum walks. Therefore, another
scheme to realize the odd-numbered-site cyclic quantum
walks is also explored. We find that the odd-numbered
N ions strongly confined in a ring-shaped potential can
be used for the cyclic quantum walks.
QTR IN A HARMONIC POTENTIAL
Formation of a QTR in a harmonic potential
We describe how the cyclic quantum walks can be
realized using the QTR. First, we review the dynam-
ics of the QTR in a harmonic potential. N ions with
mass m and charge e are trapped in a harmonic po-
tential. The trap frequencies are ωx, ωz  ωy, so that
the motion along y direction is considered to be frozen
out. The total Hamiltonian of this effective 2D sys-
tem is HTotal =
∑N
i=1 p
2
i /2m + V , where pi represents
the momentum of the i-th ion. The potential V derives
from the harmonic potential and the Coulomb repulsion.
V =
∑N
i=1m(ω
2
xx
2
i + ω
2
zz
2
i )/2 +
∑N
i>j e
2/4piε0r
2
ij , where
rij is the distance between i-th and j-th ions. We assume
that the trap frequencies are ωz ωx so that the ion chain
along z direction is formed. Then, by decreasing the con-
finement along x direction, the ions gradually form the
2D crystal structure. When the trap frequencies ωx and
ωz are comparable, an almost regular polygon crystal is
created.
When the ions have a high mean energy, the rotation
in x-z plane is observed [22, 23]. If the kinetic energy
of the ions is lower than the energy barrier for the ro-
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FIG. 1. (a) Normalized frequencies of the six collective modes
of the three trapped ions as a function of the ratio between
ωx and ωz. The red solid curve (mode1) represents the ro-
tational mode. The center-of-mass modes along x and z
directions correspond to the mode2 and the mode3. The
zigzag mode (mode4) is also depicted as a green curve. The
inset shows the eigenvector of each collective mode when
ωx/ωz=1.001 (ωz=2pi×1.500 MHz). (b) Effective poten-
tial when ωx/ωz=1.001 (ωz=2pi×1.500 MHz). The almost
isotropic trap potential and coulomb interaction create two
stable ion crystal orientations. We define the wavefunctions
of those stable ion orientations as |ψup〉 and |ψdown〉. (c)
Effective potential and the amplitudes of the wavefunctions
of |ψup〉 and |ψdown〉 as a function of the angle θ, which is
shown in Fig. 1(b). The two wavefunctions have some over-
laps with each other. (d) Schematic represesntation of the
quantum-tunnelling-indued transition of the Wigner crystal
in the QTR.
tation, the ions are localized at local minima. However,
under some conditions, the rotaion induced by the quan-
tum tunnelling can happen [22]. Specifically, when the
motional mean energy is low enough for the ions to be
pinned and the rotational barrier is quite low, the quan-
tum tunnelling occurs. This can be achieved by cooling
the rotational mode to the ground state and making ωx
slightly higher than ωz.
Let us take the QTR using three trapped ions as an ex-
ample. We suppose that three 171Yb+ ions are trapped
and their internal states are the same. As mentioned
above, there are two steps to create the QTR [22]. 1.
Sideband cooling of the rotational mode. 2. Adiabati-
cally ramping down ωx (Adiabatic cooling). Figure 1(a)
shows the numerical calculation of the frequencies of the
six collective modes of the three ions. The red curve
(mode1) in Fig. 1(a) corresponds to the rotational mode.
The other collective modes are also shown for the refer-
ence. In the following discussion, the frequency of the
rotational mode is denoted as ωRot, and the trap fre-
quency along z direction is fixed to ωz = 2pi×1.500 MHz
as a typical experimental parameter. The eigenvectors of
each collective modes when ωx/ωz=1.001 are also shown
in Fig. 1(a).
To create the QTR, the rotational mode needs to be
cooled to the motional ground state, otherwise the ions
start rotating due to the high kinetic energy. There-
fore, we first set the ωx to the point where ωRot is high
enough to cool the rotational mode to the ground state.
After sideband cooling, the adiabatic cooling [22, 24–
26] is employed to increase the population of the ground
state of the rotational mode. As indicated in Fig. 1(a),
ωRot gets smaller as ωx is ramped down. By reducing
the confinement along x direction under the condition of
dωRot
dt /ωRot1, the adiabatic cooling is realized. ωx is
adiabatically ramped down to the point where the trap
frequencies along x and z directions are comparable. In
this article, we discuss the dynamics of the QTR under
the assumption of the perfect ground state cooling of the
rotational mode, so that the classical rotation caused by
the other quantum motional states which have the higher
kinetic energy than the effective rotational barrier can be
safely ignored. Figure 1(b) shows the effective potential
created by the harmonic potential and the coulomb in-
teraction between ions, when ωx/ωz is 1.001. It is clear
from Fig. 1(b) that there are two stable ion crystal orien-
tations. We define the wavefunctions of those stable ion
structures as |ψup〉 and |ψdown〉.
Figure 1(c) shows the effective potential and the am-
plitudes of both wavefunctions, |ψup〉 and |ψdown〉, when
ωx/ωz is 1.001. As can be seen from Fig. 1(c), the wave-
functions, |ψup〉 and |ψdown〉, are overlapped with each
other. Since |ψup〉 and |ψdown〉 are not orthogonal to
each other, the quantum tunnelling can occur.
The QTR changes its crystal orientation due to the
quantum tunnelling effect as shown in Fig. 1(d). The
Coulomb interaction prevents the exchange of the ions
when the quantum tunnelling occurs. Therefore, the
QTR can be considered as a rigid rotor system. It should
be noted that this protocol to create the QTR is not re-
alistic if the the number of the ions is even because the
barrier for the rotation is significantly high.
Cyclic quantum walks
3using a QTR in a harmonic potential
The main idea of the cyclic quantum walks using a
trapped-ion QTR is to measure the time evolution of the
population distribution of the ion in the internal state |↑〉.
An ion has its internal state, which is considered as an ef-
fective spin state. In the case of 171Yb+ ion, the hyperfine
states |↓〉 ≡ |F = 0,mF = 0〉 and |↑〉 ≡ |F = 1,mF = 0〉
are usually used as the effective spin system. We consider
the N-ion QTR in a harmonic potential. If the internal
states of the ions are the same, |↓〉, the internal states
are simply ignored and the quantum state of the QTR
in a harmonic potential, |ψ〉, can be expressed as the
superposition of |ψup〉 and |ψdown〉.
|ψ〉 = α |ψup〉+ β |ψdown〉 , (1)
where α and β are the complex coefficients satisfying
|α|2+|β|2=1. Since the QTR in a harmonic potential is
the superposition of two different polygon Wigner crys-
tals, the N-ion QTR in a harmonic potential is viewed
as the 2N-site cycle graph as shown in Fig. 2. We de-
fine the wavefunction of the k-th ion at the l-th site as
|ψk,l〉. As is evident from quantum interference in the
QTR system induced by the Aharonov-Bohm effect [22],
the particles consisting the QTR are considered to be
identical. Since 171Yb+ is bosonic, the quantum states
of |ψup〉 and |ψdown〉 are given as follows.
|ψup〉 = 1√
N !
perm

|ψ1,1〉 · · · |ψ1,2n−1〉 · · · |ψ1,2N−1〉
...
. . .
...
. . .
...
|ψk,1〉 · · · |ψk,2n−1〉 · · · |ψk,2N−1〉
...
. . .
...
. . .
...
|ψN,1〉 · · · |ψN,2n−1〉 · · · |ψN,2N−1〉
 (2)
|ψdown〉 = 1√
N !
perm

|ψ1,2〉 · · · |ψ1,2n〉 · · · |ψ1,2N 〉
...
. . .
...
. . .
...
|ψk,2〉 · · · |ψk,2n〉 · · · |ψk,2N 〉
...
. . .
...
. . .
...
|ψN,2〉 · · · |ψN,2n〉 · · · |ψN,2N 〉
 (3)
When the ions are fermionic, |ψup〉 and |ψdown〉 can be
expressed using Slater determinants. There are two di-
rections of the rotations induced by the quantum tun-
nelling in the QTR system. Therefore, the Hamiltonian
of the QTR in a harmonic potential is given as follows.
H = ~j (JˆCL + JˆCCL) (4)
~ and j are the Planck constant and the quantum tun-
nelling rate. The JˆCL and JˆCCL are defined as
JˆCL ≡
N⊗
k=1
2N∑
l=1
|ψk,l+1〉 〈ψk,l| (5)
1 2
3
2N
2N-1
NN+1N+2
N-1N+3
FIG. 2. Schematic representation of the N-ion quantum tun-
nelling rotor. Since the QTR in a harmonic potential is the
superposition of two different polygon Wigner crystal orien-
tations, the QTR is considered as the 2N-site cycle graph.
JˆCCL ≡
N⊗
k=1
2N∑
l=1
|ψk,l〉 〈ψk,l+1| (6)
with |ψk,2N+1〉 = |ψk,1〉. Thus, JˆCL (JˆCCL) satisfies
JˆCL |ψup(down)〉 = |ψdown(up)〉 (JˆCCL |ψdown(up)〉 =
|ψup(down)〉), representing the clockwise (counter-
clockwise) rotation. Since it is possible to experimen-
tally distinguish these two states using the projective
measurement [22], there are two distinguishable states
after all. Then, we flip the internal state of the ion at
l-th site (l=2n or 2n-1). By introducing the wavefunction
|ψup,2n−1〉 = 1√
N !
perm

|↓〉 |ψ1,1〉 · · · |↑〉 |ψ1,2n−1〉 · · · |↓〉 |ψ1,2N−1〉
...
. . .
...
. . .
...
|↓〉 |ψk,1〉 · · · |↑〉 |ψk,2n−1〉 · · · |↓〉 |ψk,2N−1〉
...
. . .
...
. . .
...
|↓〉 |ψN,1〉 · · · |↑〉 |ψN,2n−1〉 · · · |↓〉 |ψN,2N−1〉

(7)
and
|ψdown,2n〉 = 1√
N !
perm

|↓〉 |ψ1,2〉 · · · |↑〉 |ψ1,2n〉 · · · |↓〉 |ψ1,2N 〉
...
. . .
...
. . .
...
|↓〉 |ψk,2〉 · · · |↑〉 |ψk,2n〉 · · · |↓〉 |ψk,2N 〉
...
. . .
...
. . .
...
|↓〉 |ψN,2〉 · · · |↑〉 |ψN,2n〉 · · · |↓〉 |ψN,2N 〉
 ,
(8)
including the spin degrees of freedom, the quantum state
of the QTR can be given as follows.
|ψ〉 = α′
N∑
n=1
c2n−1 |ψup,2n−1〉+β′
N∑
n=1
c2n |ψdown,2n〉, (9)
where α′, β′, c2n−1 and c2n are the complex coeffi-
cients satisfying |α′|2+|β′|2=1, ∑Nn=1 |c2n−1|2 = 1 and
4(a)
Spin state
Time
Quantum tunnelling
Quantum tunnelling
(b)
1
2
3
4
5
6
(c)
 
!
"
#
$
%
&
'
(
#
)
*
$
$
+
$
,
$
-
$
$
.
$
$
/
$
$
*
*0010/0-0+00
2!'#
*30
031
03/
03-
03+
030
4
)
5
(
6
(
!
7
!
"
8
$
5
9
$
:
;
<
(d)
 
!
"
#
$
%
&
'
(
#
)
*
$
$
+
$
,
$
-
$
.
$
/
$
0
$
1
$
2
$
*
3
$
*
*3313/3-3+33
4!'#
*53
351
35/
35-
35+
353
6
)
7
(
8
(
!
9
!
"
:
$
7
;
$
<
=
>
FIG. 3. (a) Time evolution of the 3-ion QTR. The red circle
represents the ion in |↑〉. (b) Time evolution in Fig. 3(a) can
be considered as 6-site cyclic quantum walks. The ion in |↑〉
propagates into the neighboring sites via quantum tunnelling.
(c) Time evolution of the probability distribution of the ion
in |↑〉. (The result is calculated based on the Hamiltonian,
H = ~j
∑2N
n=1(aˆnaˆ
†
n+1 + aˆ
†
naˆn+1), where aˆ1 = aˆ2N+1. aˆ
†
n and
aˆn are the creation and annihilation operators of the ion in
|↑〉 at n-th site. j is the quantum tunnelling rate.) The initial
state is prepared in |1〉. The evolution time is normalized to
the unit of the quantum tunnelling rate. (d) Simulation of
the 10-site cyclic quantum walks using the 5-ion QTR.
∑N
n=1 |c2n|2 = 1. This equation clearly shows that there
are distingushable N states for each crystal orientation.
Therefore, the QTR which has the ion in the internal
state |↑〉 at l-th site in a harmonic potential is consid-
ered as the 2N-site cyclic graph. The idea of the cyclic
quantum walks using the QTR in a harmonic potential
is schematically given in Fig. 3(a). Figure 3(a) shows the
time evolution of the 3-ion QTR with one ion in |↑〉. As is
clear from the above discussion, this model is considered
to be equivalent to the 2N-site cycle graph where the ion
with internal state |↑〉 at n-th site evolves into the neigh-
boring sites via the quantum tunnelling. By introducing
the notation |2n− 1〉 = |ψup,2n−1〉 and |2n〉 = |ψdown,2n〉,
the quantum state of the QTR in a harmonic potential
can be rewritten as
|ψ〉 =
2N∑
n=1
γn |n〉, (10)
where γn is the complex coefficient satisfying∑2N
n=1 |γn|2 = 1. The Hamiltonian of this system
can also be described as
H = ~j
2N∑
n=1
(aˆnaˆ
†
n+1 + aˆ
†
naˆn+1), (11)
where aˆ1 = aˆ2N+1. aˆ
†
n and aˆn are the creation and anni-
hilation operators of the ion in |↑〉 at n-th site. We show
the dynamics of the cyclic quantum walks using the 3-
ion QTR as an expample in Fig. 3(c). The simulated time
evolution of the probability distribution of the ion with
|↑〉 is given when the initial state of the QTR is prepared
in |1〉 (Fig. 3(b)). Note that time is normalized to the
unit of quantum tunnelling rate. We also show the dy-
namics of the cyclic quantum walks using the 5-ion QTR
in a harmonic potential (see appendix for more details).
CYCLIC QUANTUM WALKS USING
A QTR IN A RING-SHAPED POTENTIAL
One of the interesting features of the cyclic quantum
walks is the difference of the time evolution between
even- and odd-numbered sites. However, the QTR in a
harmonic potential cannot realize cyclic quantum walks
with odd-numbered sites. Therefore, we discuss anothter
scheme using a ring-shaped potential [27–29] to realize
the continuous-time cyclic quantum walks having odd-
numbered sites.
We consider N ions confined in a ring-shaped poten-
tial. The ring-shaped potential for a single ion can be
expressed as V = mω2r(r − r0)2/2 + mω2zz2/2, whrere
r =
√
x2 + y2. ωr and ωz are the trap frequencies along
radial and z direction. r0 is the radius of the ring po-
tential. Here, assuming that the ions are confined in a
sufficiently tight potential along radial and z direction, we
FIG. 4. Schematic representaion of the ions confined in an
effective one-dimensional loop. The radius of the ring is r0.
θi represents the angular position of i-th ion. A homogenous
electric field, E, is applied along y direction.
5consider the system as an effective one-dimensional loop
as shown in Fig. 4. Therefore, the potential energy of
this system including the homogenous electric field along
y direction, E, is given as follows[29, 30].
VTotal = −
N∑
j
Er0 cos θj +
N∑
i>j
e2
4piε0r2ij
, (12)
where θj represents the angular position of i-th ion and
rij = 2r0 |sin(θj − θi)/2| is the distance between i-th and
j-th ions. The protocol to create the QTR in a ring-
shaped potential is basically the same as the QTR in a
harmonic potential. To cool the lowest collective mode,
which corresponds to the rotational mode, a large electric
field along y direction is applied to perform the sideband
cooling. Then, by decreasing the applied electric field
adiabatically, the adiabatic cooling can be employed [31].
Figure 5(a) shows the equilibrium positions of the five
171Yb+ ions calculated based on the Eq. (12). The pa-
rameters used for the calculation are r0 = 12.5µm and
E = −0.1 V/m, respectively. The ions form an almost
perfect pentagon. In Fig. 5(b), the effective rotational
barrier along with the wavefunctions |ψf,1〉 and |ψg,5〉
are shown, where |ψh,i〉 represents the wavefunction of
h-th ion at i-th site. As can be seen from Fig. 5(b), |ψf,1〉
and |ψg,5〉 are overlapped with each other and they are
not orthogonal to each other. Including the bose statistic
of 171Yb+ ions, the quantum state of the N-ion QTR in
a ring-shaped potential can be expressed as follows.
|ψ〉 = 1√
N !
perm

|ψ1,1〉 · · · |ψ1,n〉 · · · |ψ1,N 〉
...
. . .
...
. . .
...
|ψk,1〉 · · · |ψk,n〉 · · · |ψk,N 〉
...
. . .
...
. . .
...
|ψN,1〉 · · · |ψN,n〉 · · · |ψN,N 〉
 (13)
When the ions are fermions, |ψ〉 is described using the
Slater determinants. By flipping one of the spin states of
N ions in the QTR in a ring-shaped potential, the N-site
cyclic quantum walks can be realized. Since the rota-
tional barrier for the even-numbered N ions is signficantly
high, the above scheme is not applicable to realization of
the even-numbered site cyclic qunatum walks with even-
numbered sites. We, then, introduce the wavefunction,
|n〉 = 1√
N !
perm

|↓〉 |ψ1,1〉 · · · |↑〉 |ψ1,n〉 · · · |↓〉 |ψ1,N 〉
...
. . .
...
. . .
...
|↓〉 |ψk,1〉 · · · |↑〉 |ψk,n〉 · · · |↓〉 |ψk,N 〉
...
. . .
...
. . .
...
|↓〉 |ψN,1〉 · · · |↑〉 |ψN,n〉 · · · |↓〉 |ψN,N 〉
 ,
(14)
representing the wavefunction of the QTR in a ring-
shaped potential which has an ion in |↑〉 at n-th site.
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FIG. 5. (a) Equillibrium position of five 171Yb+ ions in
an effective one-dimensional loop with E = −0.1 V/m and
r0 = 12.5µm. (b) Effective rotational barrier for the five ions
and the wavefunction of the ions at 1-st and 5-th site. The
wavefunctions have some overlaps with each other. (c) 5-site
cyclic quantum walks using the 5-ion QTR in a ring-shaped
potential. The graph shows the time evolution of the proba-
bility distribution of the ion in |↑〉. (The result is calculated
based on the Hamiltonian, H = ~κ
∑N
n=1(cˆncˆ
†
n+1 + cˆ
†
ncˆn+1),
where c1 = cN+1. c
†
n and cn are the creation and annihila-
tion operators of the ion in |↑〉 at n-th site. κ is the quantum
tunnelling rate.) The initial state is prepared in |1〉. The
evolution time is normalized to the unit of the quantum tun-
nelling rate.
Thus, the quantum state of the QTR is rewritten as fol-
lows.
|ψ〉 =
N∑
n=1
νn |n〉, (15)
where νn is the complex coefficient satisfying∑2N
n=1 |νn|2 = 1. The Hamiltonian of this system
can also be described as
H = ~κ
N∑
n=1
(cˆncˆ
†
n+1 + cˆ
†
ncˆn+1), (16)
where cˆ1 = cˆN+1. cˆ
†
n and cˆn are the creation and anni-
hilation operators of the ion in |↑〉 at n-th site. κ is the
quantum tunnelling frequency. We show the dynamics
of the 5-ion QTR in a ring-shaped potential in Fig. 5(c).
The initial state of the QTR is prepared in |1〉. Note that
time is normalized to the unit of quantum tunnelling rate.
6To observe the quantum tunnelling, the coherence of
the QTR is the most important. One of the biggest
causes of the decoherence is the heating of the rotational
mode. Therefore, the heating rate of the rotational mode
needs to be sufficiently suppressed. As previously dis-
cussed [22], the lack of the adiabaticity of the trap po-
tential control and the fluctuation of the RF voltage may
be related to the heating of the rotational mode. These
factors can be avoided by carefully choosing the experi-
mental parameters and using the RF voltage stabilization
method [32]. Further implementation of the laser cooling
techniques that can cool the all collective modes simul-
taneously [33] may help with the reduction of the causes
of the heating.
CONCLUSIONS
In conclusion, we have proposed two experimental re-
alization schemes of the continuous-time cyclic quantum
walks using the trapped-ion QTR. The basic idea of the
cyclic quantum walks is that the ion in the internal state
|↑〉 is regarded as a quantum walker in the QTR sys-
tem. We demonstrate that the cyclic quantum walks
having even-numbered and odd-numbered sites can be
realized using the QTR in a haromonic potential and a
ring-shaped potential. Additionally, this study indicates
that the QTR can be a useful tool to investigate the
physics using the rotational degrees of freedom [34–36].
Appendix: 5-ion QTR in a harmonic potential
We show the results of the analyses on the QTR us-
ing five 171Yb+ ions. We assume that the confinement
along z direction ωz, is 2pi×1.500 MHz. Numerically cal-
culated frequencies of the ten collective modes are given
in Fig. 6(a). The eigenvectors of each collective mode
when ωx/ωz=1.008 are also shown in Fig. 6(a). The red
curve (mode1) is the rotational mode. In Fig. 6(b), the
effective potential of the 5-ion QTR system is shown,
when ωx/ωz is 1.008. There are two stable orientations
of the ion crystal, |ψup〉 and |ψdown〉. When the ωx/ωz
is 1.008, the overlaps between |ψup〉 and |ψdown〉 are ob-
served [Fig. 6(d)].
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